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Main purpose Is finding optimal
estimator for squeezed state:

-
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: h

n: copies

W
and evaluating Its performance.
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Boson Fock space

Boson Fock space
a:anithilation operator

a' : creation operator

N = a'a: number operator

n), :number state (N |n) =n|n) ),

a) :Boson coherent state (a|a) =ala).),




Sgueezed state

Caves s notation

&), Sem| =3

Yuen's notation

),

(,ua+ vaT)‘a;,u,v>y = a\a;,u,v}y,

where \,u\z—\v\z =1.
;&) ‘a cosh|&|, ""“ggsnh\éb



Another Parameterization of

Sgueezed state
|n the case of =0, we have

‘O; e“s't>C

. ‘O; cosht,e“gsinht> .
Y Parameterize

Asanother expresssion, wefocus —

on ‘e“gr> é‘o;e“gtanh‘lr> @9 ——unitgisk
S

C

eiHr = D : unit d|Sk H Angle of squeezing

I Scale of squeezing

Thisisuseful for group covariant method.



Merit of the expression |5).
Since(ya+vaT)\O;y,v>y=O,
_ 0 s
—(aT) 1a‘o;u,v>y=%\o;,u,v>y_ @'’ —unitdisk
(a)" isdefined astheinverse of

a' Lo (R)> L, (R).
Notethat |O; 4,v) €L (R).

That is, —(aT)_la‘O; e“g’t>C =g tanht‘O; e‘0t>

n other word, —(a*)_la\ms =B1B)..
ei9r>s =‘O; e‘etanh‘1r>c, e?r e D: unit disk.

C




N coples case of squeezed state

| N coheret state case,
a +---a ‘a> ®
n a

®n
a

n
=ala)

N squeezed state case,

n

letting a™ & —(Z(a*)zj_lza*a ,

we havea™ |0; g, v>y®n = 1\ 0; 4, v>y®n
L

e, a”(p)" = p1B),”"



XN

®n VA
’ >y :;‘O"u’v>y
(3 +val) |0 uy), " =0,
l.e.,—ua \O;,u,v>y®n = vaﬂo;y,v>y
Thus, - ua'a|0uv),” =v(a)

Hence, —yZaﬁai\O;y,@ —vZ( ) O u,v), "

Therefore,

(B Zarajoun),” Lo,

=1

®n



Coherent state o

 The annihilation operator a and coherent
state |a), satisfy a|a) =ala),.

 The heterodyne measurement 23%,6*
an
I\/I(da)——\ } < |d*a satisfies
la” A
azjcg _ {a]d®a, aa —j \ .

 The heterodyne measurement is the
optimal estimator of the family{|a), |z € C} .

ﬁflmllar properties are expected for squeezed
-1
tate \,3> and operator a® = (aT) a or g .



The action of SU(1,1)
double-covering group of SU(1,1)

Therepresentation V of SU(1,1) up+v (g ;j
is given asfollows. B+ w
V(g)av(g)' = pa+va', :
Vg e SU(1,1), where e W

P .
7(Q) = (A_l ‘i) Isthe projection from SU(1,1) to SU(1,1).
v H

Thisrepresentation acts on the squeezed state as
+v +v
V(9)|8). (BIV(g) =|“£ > <€/” d)
Vﬂ"‘ﬂ S s Vﬂ"‘ﬂ dZIB
Theinvariant mearsureon theunit disk D Is

w(1-16f)




Group covariace by SU(1,1)
In the n - copy case

'0,3 = ‘ﬂ>s s<'8
We focus on the state family {pﬂ®” Be D}

D2{zeC|7<1],

with the following action. up +v
V(g)@)npﬂ@n (V(g)®n) _ ﬂ+v®n ’Vﬂ+:u ‘:
Vﬂ-l—ﬂ .
where z(g) = (ﬂ ‘i) ﬂj(' )
v U _
7

7 1sthe projection from SU(1,1) to SU(1,1).
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Optimal estimator

f =
A N

Joint Measurement

-

Estimate

PN

n: copies

f e

\—m




Optimal estimator

n> 2, Theerror function W(,B,,é) ISa monotone
decreasing function of thefiddlity:

. (s ﬁzmi
s<'8‘/8>s =| 1- T~ -
L
The optimal measurement is -
~ . (n A A\ ®N d?
M, (d”8) 2 5—1j(ﬂ> (4 F—
\ T z(1-|B| )°
lts optimal distribution is
/ 2Nz
p-p d°p

TrMn(dzﬁ)pﬂ®”:(g—lj 1- |22
1881 | (-




Framework of

group covariant estimation

Assumethat the state family{ p,|0 « ®} and

group representation V of thegrpup G satisfy that
V(9)p,V(9) = where 7 istheaction of G to ®.

fr(g)ﬁ d

Supposethat theerror functlon W (4, 6?) satisfies
W(HH) W (7z(g)0, 7z(g)0) e.g., 1-fiddity etc.
DY (M)A jW(ee)TrM(de)p9

Minimax method: minimize D" (M) = sup D} (M).

0c®
Quantum Hunt-Stein'slemma:

min D" (M)=minD, (M).

M :cov

M Iscovariant if M (n(g)d@) =V (gM (d@)V(g)T.



Ptlmal performance
Fiddli

i s<ﬂ\ﬂ>s

=1—iz1—3+(1 2)1
n-1 n n

Square of Bures distance:

J(-].(818) rem.(@h)e,™

2 1 (1 1
— ~——| ——2 5 -
2Nn—-3 n (2 jn




Relation to the operator a™
The measurement

M, (d?) 2 (—— j(\ﬂ>ss< ) 7z(1d \?\

and the opeartor a™ & (Z( ) j 231 &

1=1

satisfiy the property smilar to coherent case, I .e.,
a = [ pM, (d*B), aVa™" = [ |B'M, (d*B).
s av = [ a"M (d%8)= [ M, (d*B).

q(Mg(mt _J‘Da(n)M (d?B)a™"

= [ M, (@)= |B'M, (d*B).



Caseof n=1, n=2

Inthecaseof n=1,2, c.f. Optimal POVM

. dz'g = 00, ®”(2_1jd2'8
ID("B>ss<'BD 7[(1_‘,8‘2)2 (\ﬂ>ss<ﬂ\) 7[(1_‘,3‘2)2

Hence, thereisno optimal covariant measurement.
However, in the case of n =2, there exsists p_""rame;r
a POVM M, such that cata €

a®= [ pM,(0), 8% = [ | pM,(0p)
the POVM M, hasthe measuring data
intheunitcirCIeU é{ZECHz\zl}.
Notethat it Isout of parameter space.

Unit circle
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Relation to scalar curvature

Qubit state family Coherent state family Squeezed state family

=

fii

- 4

~ 2i

3
| | | | | [

IIIIIII

el | 1 1 1

4

o]0} + 1) = cos o)+ sinZ1) = |
Bloch sphere Complex plane Unit disk=Hyperboloid
Scalar curvature 2 Scalar curvature 0 Scalar curvature -4

Thanks to htto://www1 kcn.ne.in/~iittoo/index. htm



Optimal performance with
the second order asymptotics

Fidelity Squareof Bures dis.
. 2
Qubit: nJr1z1—1+(1+1) 12, S iz
n+ 2 n n“- 2n+3 n 2 n
1 1 1 (1 1
coherent: n ~1-—+(1+0)—, 2n ~——| =40 —
n+1 N n° 2n+1 n 2 N
n-—2 1 1 2 1 (1 1
ueezed: ~1-——+(1-2 , r——| — =2 |—
. n-1 n ( )n2 2n—-3 n (2 jnz
Scalar curvature
Qubit state family: 2=2x1

Coherent statefamily: 0=2x0
Squeezed state family: —4 =2x -2
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Optimal cloning of squeezed state
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Optimal cloning does not
lose information

Cloning + Optimal measurement

'B \ 'B.,fmm_ final estimate
\ copies": A m approximate V] T
: :> =copies f Both distributions

'B w‘%éfff_’?féi';;» Optimal measurement of _ :B _ are
for m copies coincident.
Direct application of the optimal measurement The same result
| . can be shown
'8 \ final estimate )
: _Inthe qubit
n copies M_ > £ (qudit) case and
/B \ Optimal measurementthe coherent

for n copies State case.



Optimal cloning of squeezed state

®n

Initial family {(\ﬂ}s S(,BD },Target family {(\,B)S S(,B\)m}.
A :covariant, i.e,

ANV (9)*"p(V(9)°")) =V (9)°" A(P)V (9)°")'".

Optimize thefidelity _(|°" A((\ B). S<m)®”)\ B
If m>n> 2, theoptimal cloningis
A n—2 m-n
A, . (p)2 _2Pm(p®|®( R,
m-n m-n

_1) (n_2)

A, (100, 0)") =3 2 2 k). (K|,
o((10..0)7)=% Ty Ty

where |k) £ i((a(m))T O>®m .

(18, .(8)" )1 B).2" =

n—2
m-—2




Optimal cloning does not
lose information

The optimal asymptotic error of the family

{An,m ((\,8)3 S(,B\)m)} equalsthat of family {(\,8)3 S(,B\)m}.

That is, if we perform the measurement (\,B)S S(,B\)@)m

®n
for thefamily {An,m((\ms (B) )>, the data obey

/

~ 122 A

the distribution (E—lj 1| £ZF s
2 pA-1] ) x(1-|p|y

which givesthedistribution when we apply the optimal

measur ement to n copies.
Similar phenomenon happensin the case of coherent state.




ItS reason

Wefocuson thedual map A, of A, ..

-2, ((14)...8)" ) =2

7(1-|f)
o neo em d°f
_ (m 2) — 2TrH ®(m-n) (‘IB>S s<IBD 72'(1—‘,8‘2)

®n dzﬂ
7(1-|8[)

=(n-2)(|8). .(8)
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